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In this paper a variational principle is established for analyzing catalytic reactions in
short monoliths by He’s semi-inverse method. On the basis of the established variational
formulation, the solutions can be easily obtained by the Ritz method.
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1. Introduction
With the rapid development of nonlinear science, many different methods have been proposed for studying nonlinear
problems [1–6], such as the homotopy perturbation method (HPM) [7–9] and the variational iteration method (VIM) [10–
12]. The variational method is proven to be a very effective and convenient way to handle nonlinear problems. Recently
variational principles have been studied widely in physics and mathematics [13–19]. In this paper we will use He’s semi-
inverse method [13–19] to establish a variational formula for analyzing catalytic reactions in short monoliths.
2. Catalytic reactions in short monoliths
Weconsider a cylindrical tube on the surface ofwhich a single first-order exothermic reaction occurs.We assume that the
physical properties (such as density) remain constant, and azimuthal symmetry. With these assumptions, the steady-state
two-dimensional model in dimensionless form is given by [20]
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The function f (ξ) is used to represent the local flow conditions inside the channel. For the case of flat velocity profile
f (ξ) = 1, the various dimensionless groups appearing in the above equations are defined below:
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Here (c, θ) are the dimensionless concentration and temperature of the fluid, respectively; z and ξ are the axial and radial
coordinates. The square of transverse Thiele modulus, φ2S , is the ratio of the radial diffusion time to the reaction time. The
Peclet number (Pe) is the ratio of axial diffusion to convection time and the transverse Peclet number, P , is the ratio of radial
diffusion time to convection time. The parameter B is the dimensionless adiabatic temperature rise, γ is the dimensionless
activation energy and the fluid Lewis number (Lef ) is the ratio of heat to mass diffusivities.
3. Variational formulation for the case of a flat velocity profile f (ξ) = 1
On making the substitution f (ξ) = 1, Eqs. (1) and (2) can also be written in the following form:
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with boundary conditions
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Using He’s semi-inverse method [12–17], we construct two trial Lagrangians respectively in the following forms:
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where a and b are constants to be further determined.
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The stationary conditions Eqs. (8) and (9) with respect to c and θ should be equivalent to Eqs. (5) and (6) respectively, so
we can obtain
a = −Pe, b = − Pe
Lef
. (10)
According to Eqs. (8)–(10), variational formulations of Eqs. (5) and (6) can be obtained with ease; these read
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Considering the boundary conditions, we get the following coupled variational principle:
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subject to the following constraint:
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Making the obtained functional with respect to c and θ results in the following Euler equations:
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Eqs. (14) and (15) are equivalent to, respectively, Eqs. (5) and (6).
In addition, the following natural conditions on the boundary can be obtained:
On z = 0,
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Eqs. (16) and (17) are equivalent to, respectively, Eqs. (7a) and (7b).
On z = 1,
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Eqs. (18) and (19) are equivalent to, respectively, Eqs. (7c) and (7d).
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Eqs. (20) and (21) are equivalent to, respectively, Eqs. (7e) and (7f).
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On ξ = 1,
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Eq. (22) is equivalent to Eq. (7g).
Therefore, using He’s semi-inverse method, we finally obtain the above coupled variational principle whose stationary
conditions satisfy Eqs. (5)–(7).
4. Conclusion
We obtain a coupled variational formula for the discussed problem by He’s semi-inverse method, which is proven to be
a very effective and convenient way to search for needed variational principles for nonlinear problems directly from the
field equations. On the basis of the coupled variational formula obtained, we can easily get the solutions for the steady-state
two-dimensional model by the Ritz method; the solution procedure is available in Refs. [5,6].
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